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Pythagorean Ratios

• The Pythagoreans knew that the tones 
produced by vibrating strings were 
related to the length of the string.

• They also knew that strings in lengths of 
small whole number ratios produced 
pleasing tones when played together –
musical fourth, fifth and octave.



Frequency

• The concept of vibrational frequency was 
considered to be related to the length of 
the string.

• Galileo focused on the concept of 
vibrational frequency as opposed to the 
ratio of lengths in determining musical 
pitch.



Frequency

• “I say that the length of strings is not the 
direct and immediate reason behind the 
forms of musical intervals, nor is their 
tension, nor their thickness, but rather, the 
ratio of the numbers of vibrations and 
impact of air waves that go to strike our 
eardrum, which likewise vibrates 
according to the same measure of times.”

Galileo (1638)



Frequency

• How do we determine the frequency of a 
vibrating string?

• By the early 1600’s Mersenne knew that 
the frequency and pitch of a vibrating 
string were related to:



Frequency

l = length

F = tension

�σ = cross sectional area

�ρ = density



Frequency 
 

Using a pendulum analogy, 

Joseph Sauveur and 

Christiaan Huygens 

determined the frequency to 

be:  
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Frequency

• Sauveur used “beats” and ratios to 
determine absolute frequency.

• Beats are a musical phenomenon well-
known to musicians and used often in 
tuning instruments.



Frequency

• One definition of beats is that they are 
“periodic fluctuations of loudness 
produced by the superposition of tones of 
close, but not identical frequencies.”



Frequency

• The number of beats per second is actually 
equal to the difference in the absolute 
frequencies of the two tones.

• There are two ways to show that this is 
true.  One uses algebra, the other 
trigonometry.



Beats Per Second

• To show that the number of beats per 
second is equal to the difference between 
the frequencies of the tones, we must 
consider what is happening acoustically.

• One of the frequencies is higher than the 
other.



Beats Per Second

• That means that the higher frequency will 
have more wavelengths per second than 
the lower frequency.

• The beats are a result of the two 
wavelengths coinciding to produce a 
momentarily louder tone.



Beats Per Second 
 

For instance, if the two tones 

are 8 hertz (8 wavelengths per 

second) and 6 hertz, then the 

higher frequency wavelength 

will have wave peaks at t=0, 

8
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2 , 8
3, 8

4 , 8
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6, 8
7and t=1 

second. 

 



Beats Per Second 
 

The lower frequency 

wavelength will have wave 

peaks at t=0, 6
1, 6

2 , 6
3, 6

4 , 6
5 and 

t=1 second. 
 

So they will coincide at t=0, 

t=2
1  and then t=1 and t=1.5 

and so on or  

twice each second. 



Beats Per Second

• In the example, when the 8 hertz 
wavelength had completed 4 waves, the 6 
hertz wavelength had only completed 3 
waves.

• When the higher frequency completes one 
more wave than the lower frequency, they 
will coincide and produce a beat.



Beats Per Second

• Any mathematician knows that one 
example doesn’t prove anything, so let’s 
consider the idea in general.

• What is happening is that the higher 
frequency “laps” the lower frequency.



Beats Per Second 
 

So, given two frequencies 1f  

and 2f , with 12 ff > .  Then we 

want to find how many 

wavelengths it will take for 2f  

to complete one more 

wavelength than 1f . 

 

 



Beats Per Second 
 

So we set 
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Beats Per Second 
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In our example 1f  was 6 and 

2f  was 8, so this value for N 
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3  
2
6  

68
6 ==
−

=N  

 

 



Beats Per Second 
 

This is what we saw, the 

wavelengths coincided on the 

3rd wave of the 6 hertz 

frequency and the 4th wave of 

the 8 hertz frenquency. 

 

 

 



Beats Per Second 
 

So the time period for the first 

beat was 6
3 seconds or 

1f
N . 
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Beats Per Second 
 

In the example, the beats 

occurred every 2
1second, so 

there were 2 beats per second.  

In general, the beats occur 

every 
12

1
ff −

 seconds so there 

are 12 ff −  beats per second. 



Beats Per Second

• Showing this relationship using 
trigonometry uses the identity or 
statement of equality that:

sin(u)+sin(v) = 2sin(0.5(u+v))cos(0.5(u-v))



Beats Per Second

• In the cos(0.5(u-v)), we see that the 
addition of two sound waves ends up 
being identical to a sound wave with a 
frequency equal to the difference of the 
waves and a variable amplitude.



Beats Per Second 
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Frequency 
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Frequency

• Galileo had also experimented with the 
pendulum and recognized some of the 
earliest similarities between the pendulum 
and the vibrating string.
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